We model the atmosphere by a surface duct underlying a half-space. A derivation is given for the electromagnetic field created by a vertical magnetic dipole, in the half-space above the duct, with an arbitrary time-varying moment. The method used for the solution is essentially based on the application of two functional transforms. Starting from the wave equation for the magnetic field and applying a Laplace transform in time, we obtain a two-dimensional Fourier transform in the horizontal spatial coordinates leading to an integral representation of the solution of the wave equation in the transform space. The transient behavior of the magnetic-field strength at any distance above the duct is determined. PACS Nos.: 41.20Jb, 42.25Bs, 42.25Gy Résumé : Nous avons modélisé l'atmosphère par un conduit de surface sous-jacent à un demi-espace. Nous obtenons une expression pour le champ électromagnétique dans le demi-espace supérieur, créé par un dipôle magnétique vertical dont le moment a une variation temporelle arbitraire. La méthode de solution utilisée est basée essentiellement sur l'utilisation de deux transformations fonctionnelles. Débutant avec l'équation d'onde pour le champ magnétique, nous utilisons une transformation de Laplace sur le temps et appliquons ensuite une transformation de Fourier sur les coordonnées spatiales horizontales, ce qui mène à une représentation intégrale de la solution de l'équation d'onde dans l'espace transformé. Nous avons déterminé le comportement transitoire du champ magnétique pour toute distance au dessus du conduit.
Introduction
Considerable interest has been shown in the study of the propagation of electromagnetic waves in an atmospheric surface duct in different situations. A simple model of the duct was initially introduced by Kahan and Eckart [1] using monochromatic excitation from a source radiating electromagnetic waves. Finkler and Langenberg [2] discussed a vertical magnetic dipole. Wait [3, 4] and Novikov [5] studied the transient response of a vertical electric dipole with a step or ramp function current source over a finitely conducting earth. Bishay [6] studied the vertical transverse magnetic (TM) polarization dependence of transient signals above an atmospheric surface duct. Nabulsi and Wait [7] obtained the transient response of a two-layer earth model. Pirjola [8] and Pirjola et al. [9] demonstrated that the fields at the surface of a layered earth can be expressed as approximate series expansions analogous to the exact series valid for a uniform earth due to a line current.
Abo-Seida and Bishay [10] studied the transient electromagnetic field of a pulsed vertical magnetic dipole on a conducting earth. Also, Bishay and Abo-Seida et al. [11] derived the transient electromagnetic field of a vertical magnetic dipole on a two-layer conducting earth. The source of the electromagnetic field was taken to be a vertical magnetic dipole within the surface layer with a time-varying moment. They estimated O.M. Abo-Seida. 1 Mathematics Department, Faculty of Education, Kafr El-Sheikh University, 33516 Kafr El-Sheikh, Egypt. R.J. Pirjola. Finnish Meteorological Institute, FI-00101 Helsinki, Finland. 1 Corresponding author (e-mail: aboseida@yahoo.com).
the transient behavior of the electric-field strength within the duct layer. Abo-Seida et al. [12] and Abo-Seida [13] studied the electromagnetic field due to a vertical magnetic dipole buried in the stratified media. Also, Collin [14] studied the current line source above a ground dielectric sheet.
Applying the method of Cagniard [15] , we have studied the transient field of an atmospheric surface duct when the distance between the receiving and transmitting sites is chosen arbitrarily. This integral representation describes the electromagnetic field in the ionosphere, which consists of a reflected wave superimposed upon the given incident wave.
In this study, we utilized this method to estimate the transient behaviour of the magnetic-field strength at any distance in an atmospheric upper half-space.
Mathematical formulation of the problem
In the mathematical formulation of our problem, we consider the model shown in Fig. 1 [1] . In addition, the Earth is assumed to be a perfectly conducting medium, and its surface is chosen to be the plane z = 0.
Above this plane lies a dielectric layer, called the duct, of thickness h (medium 2), which has a relative dielectric constant ε 2 . Above the duct, we have a dielectric half-space z > h (medium 1), with a relative dielectric constant ε 1 < ε 2 . The relative permeability µ is assumed to be constant and equal to 1 throughout the half-space z ≥ 0. The fields that belong to the two media are marked by the corresponding indices.
At the point
) in medium 1, we assume a vertical magnetic dipole, whose moment is F (t)e z ; e z is the unit vector in the z-direction and t is the time variable. We assume that F (t) = 0 for t < 0. The magnetic fieldH (x, y, z; t) caused by the vertical magnetic dipole satisfies the following wave equation:
p m is the magnetic moment of the dipole and v is the phase velocity, which equals (εε 0 µµ 0 ) −1/2 . The magnetic moment is given by
where δ(x, y, z) is the three-dimensional Dirac delta function. Thus, we have the following wave equation for the z-component of the magnetic field in medium i (i = 1, 2):
(v i is the phase velocity in medium i). Applying a Laplace transform (L) with respect to time, a three-dimensional Helmholtz equation, in the spatial coordinates for the Laplace-transformed field strength H i z (x, y; s), is obtained. This step uses the initial conditions that the magneticfield strength and its time derivative are zero for t = 0. The Laplace transform of the magnetic field can then be obtained as follows:
The 
where
with the real part, Reγ i ≥ 0.
The solution of (6) can be written in terms of unknown integration constants. These constants are then determined as the solution of algebraic equations that result from the boundary conditions for the electromagnetic field at the Earth's surface and at the boundary between media 1 and 2
In the boundary conditions, the magnetic field and its first derivative with respect to z are continuous. This yields two equations with two unknown parameters. Solving these equations for the coefficients A 1 z and A 2 z gives
Taking the inverse Fourier integral of H 1 z (α, β, z; s) and H 2 z (α, β, z; s), yields the expression for the magnetic-field components and
Hence, we obtained the solution to our problem as an integral representation of the Laplace transform of the z-component of the magnetic-field strength in terms of two-dimensional inverse Fourier integrals. By the same method, if we assume the electromagnetic field to be produced by a vertical electric dipole, in the upper surface layer, with an arbitrary time-varying moment, the transient behavior of the electric strength at any distance above the duct is determined as follows:
where c 12 is the reflection coefficient at the upper boundary defined as
Finally, the electromagnetic energy can be computed from (12)- (15).
Numerical results
Numerical computation of the transient behavior of the electromagnetic-field strength in the upper layer and in the duct can be easily performed based on (12) and (13) for different values of z. Then, the expressions for (12) and (13) are reduced to a form that enables us to calculate the electromagnetic-field strength numerically. The integration with respect to α and β may be done in part by introducing polar coordinates for x and y on one hand, for α and β on the other hand
and 
Conclusions
We considered the electromagnetic field due to a vertical magnetic dipole located in the atmospheric half-space above a surface duct. We derived the exact solution for the transient behavior of the magnetic and electric fields at any distance from the source. The solutions, which are based on Laplace and Fourier transforms, enabled the computation of the electromagnetic energy.
The application of this method can be further used for successive media as long as the source and the receiver are in the same medium. Furthermore, these results have useful applications in movable environments, such as studies of the levels of the electromagnetic energy absorbed in the heads of mobile phone users.
